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Our world is an analog world. Measurements that we make of the physical objects around us are never in
discrete units, but rather in a continuous range. We talk about physical constants such as 2.718281828... or
3.141592.... To build analog devices that can process these values accurately is next to impossible. Even building a
simple analog radio requires very accurate adjustments of frequencies, voltages, and currents at eachpart of the
circuit. If we were to use voltages to represent the constant 3.14, we would have to build a component gha{ WI|| give
us exactly 3.14 volts every time. This is again impossible; due to the imperfect manufacturing pu1 yeach
component produced is slightly different from the others. Even if the manufacturing process can b nade ¢ Q rfect
as perfect can get, we still would not be able to get 3.14 volts from this component every time we rs\n\td'l)'he reason
being that the physical elements used in producing the component behave differently in dlffel"“?’t\ Vil v%ments such
as temperature, pressure, and gravitational force, just to name a few. Therefore, even if the WQQL(U) ring process is
perfect, using this component in different environments will not give us exactly 3.14 voIts;avc y it

e.

To make things simpler, we work with a digital abstraction of our analog wotld /tnstead”of working with an
infinite continuous range of values, we use just two values! Yes, just two valuesqfﬁﬁ 0, on-and off, high and low,
true and false, black and white, or however you want to call it. It certainly is rvi -b.\r,z{s%fo control and work with
two values rather than an infinite range. We call these two values a binary value fof:the reason that there are only
two of them. A single 0 or a single 1 is then a binary digit or bit. This sounds great, udgwe have to remember that
the underlining building block for our digital circuits is still based on an m\u{gm\wd

This chapter provides the theoretical foundations for building digitai- ic-circuits using logic gates, the basic
building blocks for all digital circuits. In order to understand how logic @Tg re)used to implement digital circuits,
we need to have a good understanding of the basic theory of Boolean-aigebra, Boolean functions, and how to use
and manipulate them. Most people may find Sections 2.5 and these theories to be boring, but let me
encourage you to grind through it patiently, because if you do ng ﬁm\; nd it now, you quickly will get lost in the
later chapters. The good news is that these two sections are the/ot yB\ ions in this book on theory, and I will try to
keep them as short and simple as possible. You also WI||/mﬂ t}(ﬁ\ any of the Boolean theorems are very familiar,
because they are similar to the algebra theorems that yot r@};\e d from your high school math class. As you can
see from the microprocessor road map, this chapter affects altef tfie parts for building a microprocessor.

Y
\/\)

Since digital circuits deal with binary vaiué\u begln with a quick introduction to binary numbers. A bit,
having either the value of 0 or 1, can represént ehiy two things or two pieces of information. It is, therefore,
necessary to group many bits together to, rep(@s re pieces of information. A string of n bits can represent 2"
different pieces of information. For exampl a\sm/Ph two bits results in the four combinations: 00, 01, 10, and 11.
By using different encoding techniques, ;\Lr its can be used to represent different information, such as a
number, a letter of the alphabet, a charz oI or a command for the microprocessor to execute.

The use of decimal numbers ‘v“\..g

2.1 Binary Numbers

NG

e familiar to us. However, since the binary digit is used to represent
information within the computer,~we also\need to be familiar with binary numbers. Note that the use of binary
numbers is just a form of repre) g\lb for’a string of bits. We can just as well use octal, decimal, or hexadecimal
numbers to represent the strl.lf*bf\"f In fact, you will find that hexadecimal numbers are often used as a shorthand
notation for binary numbers rs. \\

The decimal nun/\x er system is a positional system. In other words, the value of the digit is dependent on the
position of the digit ng:r;; number. For example, in the decimal number 48, the decimal digit 4 has a greater

value than the decimal di because it is in the tenth position, whereas the digit 8 is in the unit position. The value
of the number is calculated as (4 x 10%) + (8 x 10°).

Like the decimal number system, the binary number system is also a positional system. The only difference
between the two is that the binary system is a base-2 system, and so, it uses only two digits, 0 and 1, instead of ten.
The binary numbers from 0 to 15 (decimal) are shown in Figure 2.1. The range from 0 to 15 has 16 different
combinations. Since 2* = 16, therefore, we need a 4-bit binary number (i.e., a string of four bits) to represent this
range.

When we count in decimal, we count from 0 to 9. After 9, we go back to 0, and have a carry of a 1 to the next
digit. When we count in binary numbers, we do the same thing, except that we only count from 0 to 1. After 1, we
go back to 0 and have a carry of a 1 to the next bit.
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The decimal value of a binary number can be found just like that for a decimal number, except that we raise the
base number 2 to a power rather than the base number 10 to a power. For example, the value for the decimal number
658 is

el
©
65810 = (6 x 10%) + (5 x 10") + (8 x 10°) =600 + 50 + 8 = 65810((\\2\/0
A

Similaly, the decimal value for the binary number 1011011, is

\/\\
N
</EJ

1011011, = (L x 2%) + (0 x 25) + (1 x 2) + (L x 2%) + (0 x 22) + (1 x 2) + (1 x 2
=64+16+8+2+1=091y AN
O

To get the decimal value, the least significant bit (in this case, the/?igh‘;/f?rq;)}) is multiplied with 2°. The next
bit to the left is multiplied with 2, and so on. Finally, they are all added togéther to give the value 914.

Notice the subscript 10 in the decimal number 658,, and the 2 in the binary number 1011011,. This subscript is
used to denote the base of the number whenever there might be M@‘\“? to what base the number is in.

Decimal | Binary | Octal | Hexadécimal
0 0000 o ~Jo
1 0001 RN 1
2 0010 | 2-0 2
3 0011, 8- 3
4 01007 14 4
5 Vot N5 5
6 0110 V' 6 6
7 011D 7 7
8 4 1000 | 10 8
9 1001 | 11 9
U1 1010 | 12 A
115 1011 | 13 B
o |12 1100 | 14 C
43 J] 1101 | 15 D
A0 [oaa” T 1110 | 16 E
K L 15 1111 | 17 F

Figure 2.1 Numbers fro?é\ﬁe\\\é{n binary, octal, and hexadecimal number systems.
Converting a decirmﬁgﬁébf 0 its binary equivalent can be done by successively dividing the decimal number

by 2 and keeping tr'@?\\m the:remainder at each step. Combining the remainders together (starting with the last one)
forms the equitzaler me y ntimber. For example, using the decimal number 91, we divide it by 2 to get 45 with a
remainder o‘(@. Therywe divide 45 by 2 to get 22 with a remainder of 1. We continue in this fashion until the end as
shown here. \\)

2191 1 Least significant bit
2145 1
2122 0
2111 1 =1011011
2.5 1
2.2 0
1 Most significant bit

Concatenating the remainders together, starting with the last one (most significant bit) results in the binary
number 1011011,.

Digital Logic and Microprocessor Design with VHDL Copyright Enoch Hwang
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Binary numbers usually consist of a long string of bits. A shorthand notation for writing out this lengthy string
of bits is to use either octal or hexadecimal numbers. Since the octal system is base-8 and the hexadecimal system is
base-16 (both of which are a power of 2), a binary number can be converted easily to an octal or hexadecimal
number, or vice versa.

Octal numbers only use the digits from 0 to 7 for the eight different combinations. When counting in octals, the
number after 7 is 10 as shown in Figure 2.1. To convert a binary number to octal, we simply group the bits into
groups of threes, starting from the right (least significant bit). The reason for this is because 8 = 2°. For each group
of three bits, we write the equivalent octal digit for it. For example, the conversion of the binary number 1110011, to
the octal number 1635 is shown here.

001 110 011

1 6 3

Since the original binary number has seven bits, we need to extend it with two leading 0’s to get three bits for
the leftmost group. Note that when we are dealing with negative numbers, we may require extending the number
with leading 1’s instead of 0’s.

Converting an octal number to its binary equivalent is just as easy. For each octal number, we write down the
equivalent three bits. These groups of three bits are concatenated together to form the final binary number. For
example, the conversion of the octal number 5724 to the binary number 101111010100, is shown here.

5 7 2 4
101 111 010 100

The decimal value of an octal number can be found just like that for a binary or decimal number, except that we
raise the base number 8 to a power instead of the base number 2 or 10 to a power. For example, the octal number
57244 has the value:

57245 = (5 x 8%) + (7 x 8%) + (2 x 81) + (4 x 8°) = 2560 + 448 + 16 + 4 = 30284,

Hexadecimal numbers are treated basically the same way as octal numbers except with the appropriate changes
to the base. Hexadecimal (or hex for short) numbers use base-16, and thus require 16 different digit symbols, as
shown in Figure 2.1. Converting binary numbers to hexadecimal numbers involves grouping the bits into groups of
fours since 16 = 2*. For example, the conversion of the binary number 11011011011, to the hexadecimal number
6DB; is shown below. Again, we need to extend it with a leading 0 to get four bits for the leftmost group.

0110 1101 1011
6 D B

To convert a hex number to a binary number, we write down the equivalent four bits for each hex digit, and
then concatenate them together to form the final binary number. For example, the conversion of the hexadecimal
number 5C4A s to the binary number 0101110001001010, is shown here.

5 Cc 4 A
0101 1100 0100 1010

The following example shows how the decimal value of the hexadecimal number C4A, is evaluated.
C4A;5 = (C x 167 + (4 x 16" + (A x 16°)
= (12 x 167) + (4 x 16Y) + (10 x 16°)
= 3072 + 64 + 10 = 31464

2.2 Binary Switch

Besides the fact that we are working only with binary values, digital circuits are easy to understand because
they are based on one simple idea of turning a switch on or off to obtain either one of the two binary values. Since

Digital Logic and Microprocessor Design with VHDL Copyright Enoch Hwang
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the switch can be in either one of two states (on or off), we call it a binary switch, or just a switch for short. The
switch has three connections: an input, an output, and a control for turning the switch on or off, as shown in Figure
2.2. When the switch is opened, as in Figure 2.2(a), it is turned off, and nothing gets through from the input to the
output. When the switch is closed, as in Figure 2.2(b), it is turned on, and whatever is presented at the input is
allowed to pass through to the output.

Control
In ~ Out In Out
o0——o0 o '} © e}
(@) (b)
Figure 2.2 Binary switch: (a) opened or off; (b) closed or on. \)/\

Uses of the binary switch idea can be found in many real-world devices. For example, tl"f* S tuﬁ can be an
electrical switch with the input connected to a power source and the output connected to 97 as shown in
Figure 2.3. R (J)

{ ~/
Switch /R

Battery —

Figure 2.3 A siren controlled by a switch. f\\f(\\/

When the switch is closed, the siren turns on. The usual conventioy((fé)to) us% a1 to mean “on” and a 0 to mean
“off.” Therefore, when the switch is closed, the output is a 1 and the sirenwii{/turn on. We can also use a variable, X,
to denote the state of the switch. We can let x = 1 to mean the 5{ NS closed and x = 0 to mean the switch is
opened. Using this convention, we can describe the state of the siren Ssin S\"“/:%rms of the variable x using a simple logic
expression. Since S=1ifx=1and S=0if x = 0, we can write (\\/

& \ }
o)

This logic expression describes the output S in term variable x.

w

of the i m[
7

Mressions

Two binary switches can be connected to@h&/@r in series or in parallel, as shown in Figure 2.4.

\/\/) X _~

74

2.3 Basic Logic Operators and L

§

(a): (\>
Figure 2.4 Connection of t\{(i)lq\ryﬂltches (@) in series; (b) in parallel.

If two switches Q@ cted in series, as in Figure 2.4(a), then both switches have to be on in order for the
output F to be 1. In atherwords, F = 1 if x = 1 and y = 1. If either x or y is off, or both are off, then F = 0.
Translating this into a logic expression, we get

F=XxANDY

Digital Logic and Microprocessor Design with VHDL Copyright Enoch Hwang
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Hence, two switches connected in series give rise to the logical AND operator. In a Boolean function (which we
will explain in more detail in Section 2.5), the AND operator is denoted either with a dot ( e ) or no symbol at all.
Thus, we can rewrite the above expression as

F=xey

or simply
F=xy

If we connect two switches in parallel, as in Figure 2.4(b), then only one switch needs to be on in order for the
output F to be 1. In other words, F = 1 if either x =1, or y = 1, or both x and y are 1’s. This means that F = 0 only if
both x and y are 0’s. Translating this into a logic expression, we get

F=XORYy

and this gives rise to the logical OR operator. In a Boolean function, the or operator is denoted with a “plus” symbol
(+). Thus, we can rewrite the above expression as

F=x+y

In addition to the AND and OR operators, there is another basic logic operator—the NOT operator, also known as
the INVERTER. Whereas, the AND and OR operators have multiple inputs; the NOT operator has only one input and
one output. The NOT operator simply inverts its input, so a 0 input will produce a 1 output, and a 1 becomes a 0. In a
Boolean function, the NOT operator is denoted either with an “apostrophe” symbol (* ) ora “bar” ontop ( ~ ) asin

F=x
or
F=X

When several operators are used in the same expression, the precedence given to the operators are (from highest
to lowest) NOT, AND, and OR. The order of evaluation can be changed by means of using parenthesis. For example,
the expression

F=xy+7
means (X AND Yy) OR (NOT z), and the expression

F=x(y+2)
means X AND (NOT (Y OR 2)).

2.4 Truth Tables

The operation of the AND, OR, and NOT logic operators can be described formally by using a truth table, as
shown in Figure 2.5. A truth table is a two-dimensional array where there is one column for each input and one
column for each output (a circuit may have more than one output). Since we are dealing with binary values, each
input can be either a 0 or a 1. We simply enumerate all possible combinations of 0’s and 1’s for all the inputs.
Usually, we want to write these input values in the normal binary counting order. With two inputs, there are 2?
combinations giving us the four rows in the table. The values in the output column are determined from applying the
corresponding input values to the functional operator. For the AND truth table in Figure 2.5(a), F = 1 only when x
and y are both 1, otherwise, F = 0. For the oOR truth table in Figure 2.5(b), F = 1 when either x or y or both is a 1,
otherwise F = 0. For the NOT truth table, the output F is just the inverted value of the input x.

Digital Logic and Microprocessor Design with VHDL Copyright Enoch Hwang



Chapter 2 — Digital Circuits

Figure 2.5 Truth tables for the three basic logical operators: (a) AND; (b) OR; (C) NOT.

X y F

0 0 0

0 1 0

1 0 0

1 1 1
(@)

X y F

0 0 0

0 1 1

1 0 1

1 1 1
(b)

Page 8 of 30

X F

0 1

1 0
(©)

Using a truth table is one method to formally describe the operation of a circuit or function. Thextruth table for
any given logic expression (no matter how complex it is) can always be derived. Examples on the l{{\?j/truth tables

to describe digital circuits are given in the following sections. Another method to formally descp@f\

a circuit is by using Boolean expressions or Boolean functions.

2.5 Boolean Algebra and Boolean Functions

2.5.1 Boolean Algebra

R

Fat f
m‘\\/\\;\,»pjlono

George Boole, in 1854, developed a system of mathematical logic, whlchOweMall Boolean algebra. Based

on Boole’s idea, Claude Shannon, in 1938, showed that circuits built with i
using Boolean algebra. The abstraction from switches being on and off to the use-of

inary sw?%

es can easily be described
oolean algebra is as follows.

Let B = {0, 1} be the Boolean algebra whose elements are one of the two values, 0 d 1. We define the operations

definitions for the AND, OR, and NOT operators.

AND (e), OR (+), and NOT (* ) for the elements of B by the axioms @1@6@) These axioms are simply the

A variable x is called a Boolean variable if x takes on only vaILuC in
obtain the theorems in Figure 2.6(b) for single variable and Flgurra<¢\
)

The theorems in Figure 2.6(b) can be proven easily by s hst'ﬁm
using the axioms. For example, to show that Theorem 6cm

substitute 1 into x to get Axiom 2a.

o\

B (i.e., either 0 or 1). Consequently, we
two and three variables.

the binary values into the expressions and
/We substitute O into x to get Axiom 3a, and

To prove the theorems in Figure 2.6(c), we carx }e\\ e} ne of two methods: (1) use a truth table, or (2) use
axioms and theorems that have already been proven. We Hw these two methods in the following two examples.

la. | 0e0=0 1b. fi+1=1
2. [ 1e1=1 205 0¥0=0
3a. | 0el1=1e0=0 3bo | ¥+0=0+1=1
4a. 0'=1 f\/\lb. 1'=0
QO = N
/a \\, \)
A g
5. | xe0=0 U0 Bb. | x+1=1 Null Element
6a. | xel=1lex=x X 6b. | Xx+0=0+x=X Identity
7a. | xex=xX N 7h. | X+x=X Idempotent
8a. | (x') =x N Double Complement
9a. | xex'= NN | 9b. | x+x'=1 Inverse
\
(f 32 ®
10a. | xey=yex 10b. | x+y=y+x Commutative
1la. | (xey)ez=xe(ye7) 11b. | (x+y)+z=x+(y+ 2) Associative
12a. | xe(y+2)=(Xey)+ (Xe2) 12b. | x+(yez) =(x+y)e(Xx+12) Distributive
13a. | xe(x+y)=x 13b. | x+ (xey)=x Absorption
14a. | (xey)+ (Xxey' )=x 14b. | (x+y)e(x+y')=x Combining

Digital Logic and Microprocessor Design with VHDL
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[ 15a. | (xey)=x+y' [15b. [ (x+y)' =X ey’ | DeMorgan’s |
(©

Figure 2.6 Boolean algebra axioms and theorems: (a) axioms; (b) single-variable theorems; (c) two- and three-
variable theorems.

Example 2.1: Proof of theorem using a truth table.

Prove Theorem 12a from Figure 2.6(c), using a truth table. N

Theorem 12a states that x e (y +z) = (x e y) + (X e ). To prove that Theorem 12a is trug 'lsﬁ‘\ i ru ih table, we
need to show that, for every combination of values for the three variables x, y, and z, m side of the
expression is equal to the right-hand side.

(\/
We start with the first three columns labeled x, y, and z; and we enumerate all 0s ‘31 {%mbmaﬂons of values

for these three variables giving us the eight rows as shown next. A
/’>

x|y[z2]0+2) | (xey) [(xe2) [xe(y+2) %mw
0/0]0 0 0 0 0 & 0
0/0]1 1 0 0 0 >0
0/1]0 1 0 0 0 0
0|11 1 0 0 NI 0
1]0(0 0 0 0 0 0
1]of1] 1 0 1 (1 w2 1
1{1]0] 1 1 0 [ 1
1]1]1] 1 1 1 1

=

For each combination (row), we evaluate the inrermi»@at\f\ﬁ/?pressions (y +2), (x o y), and (x e z) by substituting
the values of x, y, and z into the expression. Fmallyf obtain the values for the last two columns, which correspond
to the left-hand side and right-hand side of Theﬂ/rem\}\ga} e values in these two columns are identical for every
combination of x, y, and z; therefore, we can say that’ TT"Q” m 12a is true. .

Example 2.2: Proof of theorem using axiomswsorems.
Prove Theorem 13b from Figure 2. m\gfther axioms and theorems from the figure.

Theorem 13D states that x + (x o) (e} Vﬁrove that Theorem 13b is true using other axioms and theorems, we
can argue as follows: )

V\V
X+ (xey) =(xel)+ (x%@)\ j by Identity Theorem 6a

=xe(1 +& Y/ by Distributive Theorem 12a

=Xe (1f,\ by Null element Theorem 5b
by Identity Theorem 6a .

Example 2.2 shO(@ t 2 theorems can be derived from others that already have been proven with the truth
table. Full treatmen 1@6 ean‘algebra is beyond the scope of this book and can be found in the references. For our

purposes, we s{{ y assume that all of the theorems are true and will use them just to show that two circuits are
equivalent, as e@l the next two examples.

Example 2.3: Using Boolean algebra to reduce an equation
Use Boolean algebra to reduce the equation F(x,y,z) = (X' +y' + X'y" + xy) (X' + yz) as much as possible.

F =X +y +xy +xy) (X +yz)

Digital Logic and Microprocessor Design with VHDL Copyright Enoch Hwang
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=(X'el+y el+Xxy +xy)(X +yz) by Identity Theorem 6a

=X (Yy+Y ) +Y (X +X)+XY +xy) (X +Yy2) by Inverse Theorem 9b

= (XY + XY +yX+yx + XYy +xy) (X +Yyz) by Distributive Theorem 12a
= (XY + XY +YX YR+ +xy) (X +y2) by Idempotent Theorem 7b
=X (Yy+y)+x(y+y)) X +y2) by Distributive Theorem 12a
=(x'el+xel) (X +y2) by Inverse Theorem 9b
=(X'+x) (X' +vy2) by Identity Theorem 6a

=1 (X' +y2) by Inverse Theorem 9b

= (X' +yz) by Identity Theorem 6a

Since the expression (x' +y' + X'y' + xy) (X' + yz) reduces down to (x' + yz), therefore, we do want to implement
the circuit for the latter expression rather than the former because the circuit size for the latter is much smaller. .

Example 2.4: Using Boolean algebra to show that two equations are equivalent

Show, using Boolean algebra, that the two equations
Fi=(xy'+xy+x +y +72')(x+y +z)and
F,=y +Xx'z+xz'

are equivalent.

Fi=(y +Xy+x+y+2)(X+y +2)
SXYX XYY HXY'ZHXYXFE XYY XYz XX XY X2 YX Y'Y Yz I+ Y+ 22
=Xy HXY +XYZ+0+0+Xyz+ 0+ XY +Xz2+xy' +y +yz+x2+y7 +0
=Xy +xy'z+xXyz+ Xy +x'z+y' +yz+x2'+y'z
Sy (X+xz+x' +1+z+2)+xz(y +1) +xz'
=y +XZ+x2
= F2 *

2.5.2 * Duality Principle

Notice in Figure 2.6 that we have listed the axioms and theorems in pairs. Specifically, we define the dual of a
logic expression as one that is obtained by changing all + operators with e operators, and vice versa, and by
changing all 0’s with 1’s, and vice versa. For example, the dual of the logic expression:

(Xey'ez)+ (xeyez' )+ (yez)+0

X+y +2)e(Xx+y+z)e(y+2)el

The duality principle states that if a Boolean expression is true, then its dual is also true. Be careful in that it
does not say that a Boolean expression is equivalent to its dual. For example, Theorem 5a in Figure 2.6(b) says that
x ® 0 =0 is true, thus by the duality principle, its dual, x + 1 = 1 is also true. However, x ¢ 0 = 0 is not equal to x + 1
=1, since 0 definitely is not equal to 1.

We will see in Section 2.5.3 that the inverse of a Boolean expression easily can be obtained by first taking the
dual of that expression and then complementing each Boolean variable in the resulting dual expression. In this
respect, the duality principle is often used in digital logic design. Whereas an expression might be complex to
implement, its inverse might be simpler, thus resulting in a smaller circuit; inverting the final output of this circuit
will produce the same result as from the original expression.

2.5.3 Boolean Functions and their Inverses

As we have seen, any digital circuit can be described by a logical expression, also known as a Boolean
function. Any Boolean functions can be formed from binary variables and the Boolean operators e, +, and " (for
AND, OR, and NOT, respectively). For example, the following Boolean function uses the three variables or literals X,
y, and z. It has three AND terms (also referred to as product terms), and these AND terms are ored (summed)
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together. The first two AND terms each contain all three variables, while the last AND term contains only two
variables. By definition, an AND (or product) term is either a single variable or two or more variables ANDed
together. Quite often, we refer to functions that are in this format as a sum-of-products or or-of-ands.

Three AND Terms

F(lelz) = Xm y

Z
Three Variables Two Variables

The value of a function evaluates to either 0 or 1, depending on the given set of values for the variables. For
example, the function in the above figure evaluates to 1 when any one of the three AND terms evaluate to a 1, since 1
OR X is 1. The first AND term, xy'z, equals 1 if

x=1,y=0,andz=1

because, if we substitute these values for x, y, and z into the first AND term xy'z, we get a 1. Similarly, the second
AND term, xyz', equals 1 if

x=1,y=1,andz=0

The last AND term, yz, has only two variables. What this means is that the value of this term is not dependent on the
missing variable x. In other words, x can be either 0 or 1, but as long as y = 1 and z = 1, this term will be equal to 1.

Thus, we can summarize by saying that F evaluates to 1 if

x=1,y=0,andz=1

or

x=1,y=1andz=0
or

x=0,y=1,andz=1
or

x=1,y=1andz=1
Otherwise, F evaluates to 0.

It is often more convenient to summarize this verbal description of a function with a truth table, as shown in
Figure 2.7 under the column labeled F. Notice that the four rows in the table, where F = 1, match the four cases in
the description.

B

ROIO|FR (kL IO|I0I

RPIRPRPFPOIOIO|IO|IX
R ORI O IOFR|IOIN
PP FPOIRFRIOIO|IOoITM
O|I0O|F| O (k|

[N

Figure 2.7 Truth table for the function F = xy'z + xyz' +yz

The inverse of a function, denoted by F', can be obtained easily from the truth table for F by simply changing
all the 0’s to 1’s and 1’s to 0’s, as shown in the truth table in Figure 2.7 under the column labeled F'. Therefore, we
can write the Boolean function for F' in the sum-of-products format, where the AND terms are obtained from those
rows where F' = 1. Thus, we get

Digital Logic and Microprocessor Design with VHDL Copyright Enoch Hwang



Chapter 2 — Digital Circuits Page 12 of 30

Fl = le'Z' + lelz + lezl + XyIZI
To deduce F' algebraically from F requires the use of DeMorgan’s theorem (Theorem 15a in Figure 2.6(c))
twice. For example, using the same function
F =xy'z+xyz' +yz
we obtain F' as follows
F' = (xy'z + xyz' +yz)'
= (xy'2)" o (xyz')" ® (y2)'
S ty+z)e Xty +z7)e(y+7)
There are three things to notice about this equation for F'. First, F' is just the dual of F (as defined in
Section 2.5.2) with all the variables inverted. Second, instead of being in a sum-of-products format, it is in a

product-of-sums (and-of-ors) format where three oR terms (also referred to as “sum” terms) are ANDed together
Third, from the same original function F, we obtained two different equations for F'. From the truth table in F;éh

\-
2.7, we obtained ¢ 0
F' =xy7' +xyz+xyz +xy'z r(ﬁ\/ =
and from applying DeMorgan’s Theorem to F, we obtained Q\

Fr=+y+tzZ)e(X+ty +2)e(y+7') A°

Hence, we must conclude that these two expressions for F', where one is in the sum-of- ro},,m
other is in the product-of-sums format, are equivalent. In general, all functions can be expfessed-
of-products or product-of-sums format. 2 N

Thus, we should also be able to express the same function, F = xy'z + xyz' + yz, m%p{z%c{of -sums format.
We can derive it using one of two methods. For method one, we can start with F' and apply DeiMorgan’s theorem to

it just like how we obtained F' from F. ,\((\
F =(F)y X\//
= (XY + XYz + XYy +xy'7") ((J i
= (xyZ) s (xy2) s (xyz' )" o (92’ ) )
=(ty+D)e(xty+Z)e(xty +2) e (X +y+2) P\
For the second method, we start with the original F and convert f \\j product-of-sums format using the

Boolean theorems from Figure 2.6. f v\/

F =xy'z+xyz +yz N

= (XHXHY) @ (X+X+Z) @ (X+Y+Y) @ (X+y+2) @ (X+Z'+Y) eﬁaﬁtz;- (Step 1)
(F 5y} o (Y'+X+2) o {y+y) o (yhyt7) 0 w\;y% .
(z+X+Y) ® (2+Xx+2) @ (2+y+y) o (z+y+2) '
= (X+Y) @ (X+2) @ {eky) @ (x+y+2) @ (x+2'+y) -’ (zhxHy) o (243) @ (2HY) @ (24 (Step 2)
= (x4y) o (x+2) ® (x+y+2) @ (x+y+Z') o (X+y“m?> (Step 3)
= (X+y+2z' ) o (X+yy'+2Z) @ (X+y+Z) o (x+y4 j+z) o (XX'+y+2) (Step 4)

= (Xty+2) o (x+y+7') @ {xby+z} (X+)J+Z)\* * {eby+z) o (xky'+z) o {x+y+2) o (X'ty+2)  (Step 5)

= (x+y+2) o (x+y+7') o (x+y'+2) o (X" gr%

In Step 1, we apply Theorem 12b (DI%’ ibutive) to get every possible combination of the sum terms. For
example, the first sum term (x + x +y) is obtai ined fre getting the first x from xy'z, the second x from xyz', and the y
from yz. The second sum term (X + X + 2) m\ed from getting the first x from xy'z, the second x from xyz', and
the z from yz. This is repeated for all con m ns.In this step, the sum terms, such as (x + z* + z), where it contains
variables of the form v + V', can be elimiha ‘"‘ |nce v+v'=1andlex=x.

In Step 2 and Step 3, duplicate \ grl\at)' S a(?é terms are eliminated. For example, the term (x + x +y) is equal to
(x +y +y), which is just (x +‘<l The tern 1 (x + 2 + z) is equal to (x + 1), which is equal to just 1, and therefore, can
be eliminated completely from'the expression.

In Step 4, every sum term with a missing variable will have that variable added back in by using Theorems 6b
and 9a, which says that x + 0 = x and yy' = 0, therefore, x +yy' = x.
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Step 5 uses the Distributive Theorem, and the resulting duplicate terms are again eliminated to give us the
format that we want.

Functions that are in the product-of-sums format (such as the one shown below) are more difficult to deduce
when they evaluate to 1. For example, using
Fra+y+tzZ)e(X+y +2)e(y+7')

F' evaluates to 1 when all three terms evaluate to 1. For the first term to evaluate to 1, x can be 0, y can be 1, or z can
be 0. For the second term to evaluate to 1, x can be 0, y can be 0, or z can be 1. Finally, for the last term, y can be 0, z
can be 0, or x can be either 0 or 1. As a result, we end up with many more combinations to consider, even though
many of the combinations are duplicates.

However, it is easier to determine when a product-of-sums format expression evaluates to 0. For example, using
the same expression:

Fr=X+y+tZ)e(X+y +2)e(y+7)
F' evaluates to 0 when any one of the three oR terms is 0, since 0 AND X is 0; and this happens when
x=1,y=0, and z = 1 for the first OR term,
or
x=1,y=1, and z = 0 for the second OR term,
or
y=1,z2=1, and x can be either 0 or 1 for the last OR term.

Similarly, for a sum-of-products format expression, it is easy to evaluate when it is a 1 but difficult to evaluate
whenitisaO0.

These four conditions in which F' evaluates to 0 match exactly the four rows in the truth table shown in Figure
2.7 where F' = 0. Therefore, we see that, in general, the unique algebraic expression for any Boolean function can be
specified by either (1) selecting the rows from the truth table where the function is a 1 and using the sum-of-
products format, or (2) selecting the rows from the truth table where the function is a 0 and using the product-of-
sums format. Whatever format we decide to use, the one thing to remember is that we are always interested in only
when the function (or its inverse) is equal to a 1.

Figure 2.8 summarizes these two formats for the function F = xy'z + xyz' + yz and its inverse F'. Notice that the
sum-of-products format for F is the dual with its variables inverted from the product-of-sums format for F'.
Similarly, the product-of-sums format for F is the dual with its variables inverted from the sum-of-products format
for F'.

Sum-of-Products Product-of-Sums
F X'yzZ + Xy'z + xyz' + xyz Equal (X+y+2z) o (X+y+Z') @ (X+y'+2) o (X'+y+2)
O
Inverse \Q&\f& ,2&0,
F' X'y'z' + x'y'z + X'yz' + xy'z' @ (X+y'+2") o (X'+y+2") @ (X'+Yy'+2) o (X'+y'+Z")

Figure 2.8 Relationships between the function F = xy'z + xyz' + yz and its inverse F', and between the sum-of-
products and product-of-sums formats. The label “Inverted Dual” means applying the duality principle and then
inverting the variables.

2.6 Minterms and Maxterms

As you recall, a product term is a term with either a single variable or two or more variables ANDed together,
whereas, a sum term is a term with either a single variable or two or more variables ORed together. To differentiate
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between a term that contains any number of variables with a term that contains all the variables used in the function,
we use the words minterm and maxterm. We are not introducing new ideas here; rather, we are just introducing two
new words and notations for defining what we have already learned.

2.6.1 Minterms

A minterm is a product term that contains all the variables used in a function. For a function with n variables,
the notation m;, where 0 < i < 2", is used to denote the minterm whose index i is the binary value of the n variables,
such that the variable is complemented if the value assigned to it is a 0 and uncomplemented if it is a 1.

For example, for a function with three variables x, y, and z, the notation ms is used to represent the term in
which the values for the variables xyz are 011 (for the subscript 3). Since we want to complement the variable whose
. e ey s X . . . ifo) .
value is a 0 and uncomplement it if it is a 1, therefore, m; is for the minterm x'yz. Figure 2.9(a) show(k“h\ e eight
minterms and their notations for n = 3 using the three variables x, y, and z. (\\ )
:

When specifying a function, we usually start with product terms that contain all of the varialmv“if he

function. In other words, we want the sum of minterms, and more specifically, the sum of the oné=minterms (i.e.,
the minterms for which the function is a 1) as opposed to the zero-minterms (i.e., the min’g/rr?s\f(*\ which the

function is a 0). We use the notation 1-minterm to denote one-minterm, and 0O-minterm to de’gxté Zero-minterm.

/’>
x | y | z | Minterm | Notation x |y |z | Maxterm [:Netation
0/0]0] Xy'7 Mo oflofo] x+y=*za ]l W,
0]0[1) xyz m, 0 01| x&e? oM
0/1/0} xyZz my 010 x+yszl M,
0[1]1] Xyz My 011 x+y+zY M,
1/0]0} xy'Z My 110 B+ +2 M,
1/0]1} xy'z ms 1101 xX+yp47 Ms
1/1]0) xyZ Me 110 x+y+2z M
1]1]1] xyz my 11 x+y +2 M,
Q)
() ") (b)

Figure 2.9 (a) Minterms for three variables. (b) Maxterms fos-three

7

7

)

The function from the previous section: BN

AV
<

F =xy'z+xyz' +yz
=X'yz + Xy'z + xyz' + xyz

N4
) \
and repeated in the following truth table has the Wg ms, Mg, and my.

x |y | z4E] E} Minterm | Notation
ol ol i) xyz Mo
0|0 a0t xyz m,
o100 1] xyz m,
o¢d [at1]o0] xyz ms
Aq oo 1] xyz m,
Lloftf1]o] xyz ms
fdaliol1]lo] xyz Mg
~EgA (110 Xyz m
S K(:d\ D y 7
Thus, a shorthand notat@r th nction is
F(X’ylz):m3+m)6+m7

By using just the minterm notations, we do not know how many variables are in the original function.
Consequently, we need to explicitly specify the variables used by the function, as in F(x, y, z). We can further
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simplify the notation by using the standard algebraic symbol ¥ for summation and listing out the minterm index
numbers. Therefore, we have

F(x,y,2) =X2(3,5,6,7)
These are just different ways of expressing the same function.

Since a function is obtained from the sum of the 1-minterms, the inverse of the function, therefore, must be the
sum of the 0-minterms. This can be obtained easily by replacing the set of indices with those that were excluded
from the original set. Therefore,

F'(x,y,2) =2(0, 1, 2, 4)
Example 2.5: Converting a function to the sum-of-minterms format using Boolean algebra

Given the Boolean function F(x, y, z) = y + X'z, use Boolean algebra to convert the function to the sum-of-
minterms format.

This function has three variables. In a sum-of-minterms format, all product terms must have all variables. To do
so, we need to expand each product term by ANDing it with (v + v' ) for every missing variable v in that term. Since
(v+Vv') =1, ANDIng a product term with (v + v' ) does not change the value of the term.

F =y+x7z
=y(x+x' )(z+2') + X'z(y+y' ) expand 1% term by AnDing it with (x+x' )(z+z' ), and 2™ term with (y+y" )
=XyzZ + xyz' + xX'yz + X'yz' + ¥yz + X'y'z
=m;+Mmg+mg+my+mg
=2(1,2,3,6,7) sum of 1-minterms .

Example 2.6: Converting the inverse of a function to the sum-of-minterms format

Given the Boolean function F(x, y, z) =y + xz, use Boolean algebra to convert the inverse of the function to the
sum-of-minterms format.

F' =(y+x2) inverse
=y e (X2) use DeMorgan
=y e (x+z') use DeMorgan
zyx+y'z use Distributive Theorem to change to sum of products format
=y'X(z+2') +y'7' (x+x') expand 1% term by AnDing it with (z+z' ), and 2™ term with (x+x")
=XY'z+xy'z' + ¥y + X'y'z
=Ms+ My + Mo
=2(0,4,5) sum of 0-minterms .

2.6.2 * Maxterms

Analogous to a minterm, a maxterm is a sum term that contains all of the variables used in the function. For a
function with n variables, the notation M;, where 0 < i < 2", is used to denote the maxterm whose index i is the
binary value of the n variables, such that the variable is complemented if the value assigned to it is a 1 and
uncomplemented if itisa 0.

For example, for a function with three variables x, y, and z, the notation M; is used to represent the term in
which the values for the variables xyz are 011 (for the subscript 3). For maxterms, we want to complement the
variable whose value is a 1 and uncomplement it if it is a 0, hence, M3 is for the maxterm x + y' + z'. Figure 2.9(b)
shows the eight maxterms and their notations for n = 3 using the three variables x, y, and z.

We have seen that a function can also be specified as a product-of-sums, or more specifically, a product of 0-
maxterms (i.e., the maxterms for which the function is 0. Just like the minterms, we use the notation 1-maxterm to
denote one-maxterm, and O-maxterm to denote zero-maxterm. Thus, the function:

F(X,y,2) =xy'z+xyz' +yz
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S(xtyte(x+ty+z)e(x+y +z)e (X +y+2)

which is shown in the following table

Xx|yl|z]|F]|F | Maxterm | Notation
00|00 |1 x+ty+z Mo
0|0]1]O0 |1} x+y+7 M;
0100 |1} x+y'+z M,
0|1]21]1|0|x+y+7 Ms
10|00 |1 Xx+y+z M,
1/0[1]1]0|x+y+7 Ms
11|01 ]0|x+y+z Me
11110 |x+y+7 M-

can be specified as the product of the 0-maxterms My, M3, My, and M,. The shorthand notation for the function is
F(X,y,Z) :Mo.Ml.Mz.M4

By using the standard algebraic symbol IT for product and listing out the maxterms index numbers, the notation is
further simplified to

F(x,y,2) =T11(0, 1, 2, 4)

The following summarizes these relationships for the function F = xy'z + xyz' + yz and its inverse. Comparing
these equations with those in Figure 2.8, we see that they are identical.

F(X,y,2) =X'yz+Xxy'z+xyz +xyz

=mz+ M5+ Mg+ my .
=3(3,56,7) ¥ 1-minterms |
Equivalent

= (X+y+2) o (x+y+Z') o (X+y'+Z) o (X'+y+2Z)
=Mo e M, e Mz e M, IT 0-maxterms . |
=10, 1,2,4) Inverted
FX,y,2) =Xy zZ+xXyz+xyz+xy?z Duals
=Mo+my+m;+my > 0-minterms | |
=30, 1,2, 4)

= (x3y'42') o (XHy32) o (CHY'42) 0 (X+y'42')

:M3OM5OM6.M7 ]
=11(3,5,6,7) IT1-maxterms — 1 -

Inverse

Equivalent

Notice that it is always the = of minterms and IT of maxterms; you never have ¥ of maxterms or I'T of minterms.

Example 2.7: Converting a function to the product-of-maxterms format

Given the Boolean function F(x, y, z) = y + X'z, use Boolean algebra to convert the function to the product-of-
maxterms format.

To change a sum term to a maxterm, we expand each term by ORring it with (v ) for every missing variable v in
that term. Since (vw') = 0, therefore, oring a sum term with (vv' ) does not change the value of the term.

F =y+xz
=y +(x7)
= (y+x' )(y+2) use Distributive Theorem to change to product of sums format
= (y+x' +2z' )(y+z+xx") expand 1% term by oRing it with zz', and 2™ term with xx'
= (X Hy+2) (X +y+2") (X+y+7) fe+y+2)
=M,e M5 ° Mo
=T1(0, 4, 5) product of 0-maxterms .
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Example 2.8: Converting the inverse of a function to the product-of-maxterms format

Given the Boolean function F(x, y, z) =y + x'z, use Boolean algebra to convert the inverse of the function to the
product-of-maxterms format.

F' =(y+x2) inverse
=y e(x'2) use DeMorgan
=y e (x+z') use DeMorgan

= (y' +xx' +22' ) o (x+Z' +yy')  expand 1% term by oRing it with xx' +zz', and 2" term with yy'

= (x+y' +z) (xty' +2') (X' 4y +2) (X' +Y' +2") (x+y+2') ery+z)

:M20M30M60M7'M1

=T11(1,2,3,6,7) product of 1-maxterms .

2.7 Canonical, Standard, and non-Standard Forms

Any Boolean function that is expressed as a sum-of-minterms, or as a product-of-maxterms is said to be in its
canonical form. For example, the following two expressions are in their canonical forms:

F=x'yz+xy'z+xyz+xyz
F'= (xty'+z') o (X+y+2') o (X'+y'+2) o (X'+y'+7')

As noted from the previous section, to convert a Boolean function from one canonical form to its other
equivalent canonical form, simply interchange the symbols ¥ with IT and list the index numbers that were excluded
from the original form. For example, the following two expressions are equivalent.

Fi(x,y,2)=2(3,5,6,7)
Fa(x,y,2)=T11(0, 1, 2, 4)

To convert a Boolean function from one canonical form to its inverse, simply interchange the symbols X with IT
and list the same index numbers from the original form. For example, the following two expressions are inverses.

Fi(x,y,2)=2(3,5,6,7)
Fa(x,y,2)=T11(3,5, 6, 7)

A Boolean function is said to be in a standard form if a sum-of-products expression or a product-of-sums
expression has at least one term that is not a minterm or a maxterm, respectively. In other words, at least one term in
the expression is missing at least one variable. For example, the following expression is in a standard form because
the last term is missing the variable x.

F=xy'z+xyz'+yz

Sometimes, common variables in a standard form expression can be factored out. The resulting expression is no
longer in a sum-of-products or product-of-sums format. These expressions are in a non-standard form. For
example, starting with the previous expression, if we factor out the common variable x from the first two terms, we
get the following expression, which is in a non-standard form.

F=x(y'z+yz') +yz

2.8 Logic Gates and Circuit Diagrams

Logic gates are the actual physical implementations of the logical operators discussed in the previous sections.
Transistors, acting as tiny electronic binary switches, are connected together to form these gates. Thus, we have the
AND gate, the OR gate, and the NOT gate (also called the INVERTER ) for the corresponding AND, OR, and NOT logical
operators. These gates form the basic building blocks for all digital logic circuits. The name “gate” comes from the
fact that these devices operate like a door or gate to let or not to let things (in our case, current) through.

In drawing digital circuit diagrams (also called schematic diagrams or just schematics), we use special logic
symbols to denote these gates, as shown in Figure 2.10. The AND gate (specifically, the 2-input AND gate) in Figure
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2.10(a) has two input connections coming in from the left and one output connection going out on the right.
Similarly, the 2-input oR gate in Figure 2.10(b) has two input connections and one output connection. The INVERTER
in Figure 2.10(c) has one input coming from the left and one output going to the right. The outputs from these gates,
of course, are dependent on their inputs and are defined by their logical functions.

- > >
(@) (b) (©
Figure 2.10 Logic symbols for the three basic logic gates: (a) 2-input AND; (b) 2-input OR; (C) NOT.

Sometimes, an AND gate or an OR gate with more than two inputs are needed. Hence, in addition to the 2-input
AND and OR gates, there are 3-input, 4-input, or as many inputs as are needed of the AND and OR gates. In practice,
however, the number of inputs is limited to a small number, such as five. The logic symbols for some of thgﬁ) ates
are shown in Figure 2.11(a) through (d).

There are several other gates that are variants of the three basic gates that also are used often in d‘fmal i

They are the NAND gate, the NOR gate, the XOR gate, and the XNOR gate. The NAND gate is derived fr “mjﬁ\m gate
and the INVERTER connected in series, so that the output of the AND gate is inverted. The name “N<\ wes from
the description “NOT AND.” Similarly, the NOR gate is the OR gate with its output inverted. The x<c oreXclusive Or
gate is like the OR gate except that when both inputs are 1, the output is a 0 instead. The xn\'gs»h siveXclusive NOR)
gate is just the inverse of the XOR gate for when there are an even number of inputs (like it8). When there are
an odd number of inputs (like three inputs), the XOR is the same as the XNOR. The Jg\?*\y\nbols and their truth
tables for some of these gates are shown in Figure 2.11(e) through (j) and Figure 2.1 %SJe/tlvv y

.,‘

Notice, in Figure 2.11, the use of the little circle or bubble at the output of some o &ﬁe logic symbols. This
bubble is used to denote the inverted value of a signal. For example, the NAND ¢ Is the inverse of the AND gate.
Thus, the NAND gate logic symbol is the same as the AND gate logic symbol, m\ha bit has the extra bubble at the
output.

J
D-D-D-2D-D
&

(@) (b) (c) whﬁi\
> > zD—f‘DM}
U] (9) (h) ﬁn, @

Figure 2.11 Logic symbols for: (a) 3-input AND; (b) 4-inplit/AND; (c) 3-input OR; (d) 4-input OR; (€) 2-input NAND;
(f) 2-input NOR; (g) 3-input NAND; (h) 3-input NOR;%&M; (j) 2-input XNOR.
(MY

ZNAND \NyR 2-XOR | 2-XNOR
X |y | ey | i%w x®y x®y
0[]0 LINJSHY/ 0 1
01 A4C V0 1 0
1o 41 0 1 0
1]1 /\gg 0 0 1
NF>

;\K\)\
V)
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3-AND 3-OR 3-NAND 3-NOR 3-XOR 3-XNOR
X y z Xeyez X+y+z (xeyez) | x+y+2)' | x®y@z XOy©®z
0 0|0 0 0 1 1 0 0
0 0 1 0 1 1 0 1 1
0 110 0 1 1 0 1 1
0 1 1 0 1 1 0 0 0
1 0|0 0 1 1 0 1 1
1 0 1 0 1 1 0 0 0
1 110 0 1 1 0 0 0
1 1 1 1 1 0 0 1 1

Figure 2.12 Truth tables for: 2-input NAND; 2-input NOR; 2-input XOR; 2-input XNOR; 3-input AND; 3-input
OR; 3-input NAND; 3-input NOR; 3-input XOR; 3-input XNOR.

The notations used for these gates in a logical expression are (xy)' for the 2-input NAND gate, (x+y)' for the 2-
input NOR gate, x ® y for the 2-input XOR gate, and x ® y for the 2-input XNOR gate.
Looking at the truth table in Figure 2.12 for the 2-XOR gate, we can derive the equation for the 2-input X0OR gate
as
X®y=xy+xy

Similarly, the equation for the 2-input XNOR gate as derived from the 2-XNOR truth table in Figure 2.12 is

X@y=xYy +xy

The equation for the 3-input XOR gate is derived as follows

XOydz
=(x@y)dz
=(Xy+xy')®z
= (Xy +xy )z + (Xy +xy' )z
= XYz + XYZ + (Xy)' (9" )2
= XY+ XY+ (XHY') (X'+Y) 2
=X'YZ' + XY'Z + %2+ XYZ + XY'Z + Yz
=X'Yy'z+X'yz' + xy'z' + xyz
The last four product terms in this derivation are the four 1-minterms in the 3-input XOR truth table in Figure
2.12. For three or more inputs, the XOR gate has a value of 1 when there is an odd number of 1’s in the inputs;
otherwise, itisa0.

Notice also that the truth tables in Figure 2.12 for the 3-input XOR and XNOR gates are identical. It turns out that
for an even number of inputs, XOR is the inverse of XNOR, but for an odd number of inputs, XOR is equal to XNOR.

All these gates can be interconnected together to form large, complex circuits which we call networks. These
networks can be described graphically either using circuit diagrams, with Boolean expressions, or with truth tables.

Example 2.9: Drawing a circuit diagram

Draw the circuit diagram for the equation F(x, y, z) =y + X'z.

In the equation, we need to first invert x and then AND it with z. Finally, we need to oRr y with the output of the
AND. The resulting circuit is shown here. For easy reference, the internal nodes in the circuit are annotated with the

two intermediate values x' and x'z.
«
X X'z
z
F
y 3
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Example 2.10: Drawing a circuit diagram

Draw the circuit diagram for the equation F(x, y, z) = xyz + xyz' + X'yz + X'yz' + x\¢z.

The equation consists of five AND terms that are ored together. Each AND t&%}e{qﬁfn es three inputs for the
three variables. Hence, the circuit shown below has five 3-input AND gates, Whg?ef\bg\a tJ connected to a 5-input
OR gate. The inputs to the AND gates come directly from the three variablesx,~y, aid z (or their inverted values).
Notice that in the equation, there are six inverted variables. However, in th;i?;i@l'ﬁfwe do not need six INVERTERS.
Rather, only three INVERTERS are used; one for each variable. & ( g)

64\&\ <
WRR O
!_/ Y,
[\
—
AN BN .
|~ )
i /
)
N \L\r *

2.9 Designing a Car Secur’/‘yt‘w' 2;)'\9\'[647%

triggered by one or more sensors. In a Nj , there will be a master switch to turn the system on or off. Let us
assume that there is a car door gﬁytch D, d vibration detector switch V, and a master switch M. We will use the
convention that when the door is @}{1:;2, D =1, otherwise, D = 0. Similarly, when the car is being shaken, V = 1,
otherwise, V = 0. Thus, W(N/aﬁﬁ{@ sirén S to turn on (that is, set S = 1) when either D = 1 or V = 1 or when both
D=1and V =1, but only for. Ihenﬁzﬁe system is turned on (that is, when M = 1). However, when we turn off the
system and either enter or ﬁf?\m car, we do not want the siren to turn on. Hence, when M = 0, it does not matter
what values D and V bﬁve,(@jfj)should remain off.

IS q
Given the above ﬁ'@%ﬁ\bﬁm a car security system, we can build a digital circuit that meets our specifications.
We start by constru ting a t th table, which is basically a precise way of stating the operations for the device. The

table will have th/a@p{@%olumns M, D, and V, and an output column S, as shown in Figure 2.13(a).

(/\
Under th(ﬁeﬁting
obtai

In a car security system, we usu "W/%:t}?connect the siren in such a way that the siren will activate when it is

A

t columns, we enumerate all possible binary values for the three inputs. The values under

the S columpqr{ J d from interpreting the description of when we want the siren to turn on. When M = 0, we

don’t Wa,néf‘r%ctﬁi‘\ég come on, regardless of what the values for D and V are. When M = 1, we want the siren to
@ith DorVisal,orbothDandVare1’s.

come=a Lu\,
<CI';Z truith table in Figure 2.13(a) can be described formally with a logic expression written in words as
S = (M AND (NOT D) AND V) OR (M AND D AND (NOT V)) OR (M AND D AND V)
or preferably, using the simpler notation of a Boolean function:

S=(MD'V) +(MDV)+(MDV)

Again, what this equation is saying is that we want the siren to activate (i.e., S = 1) when:
e the master switch is on and the door is not opened and the vibration switch is on, or
e the master switch is on and the door is opened and the vibration switch is not on, or
e the master switch is on and the door is opened and the vibration switch is on.

Notice that we are only interested in the situations when S = 1. We ignore the rows when S = 0. When we construct
circuits from truth tables, we always use only the rows where the output is a 1.
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Finally, we can translate this equation into a circuit diagram. The translation is a simple one-to-one mapping of
changing the AND operator into the AND gate, the OR operator into the OR gate, and the NOT operator into the
INVERTER. Thus, we get the circuit diagram shown in Figure 2.13(b) for our car security system.

<
o

L =l =l =)=]
L ==l = =)
=l =l = R =l B
=l === (=] (%]
7,
NS

K4

Vel

KON
§ )
Figure 2.13 Car security system: (a) truth table; ¢(h) /circuit diagr
circuit diagram. \J\

Y

A careful reader might notice that the B\fe@ﬁtion shown above for specifying when the siren is to be
turned on can be simplified to 2 Y4

> (O
S=M (Dﬁy§\@
AC

(©

am derived from the truth table; (c) simplified

)
N

This simplified equation says that thegs']’em\i§ 0 be turned on only when the master switch is on and either the door
switch or vibration switch is on. The_cogresponding simplified circuit diagram is shown in Figure 2.13(c). Just by
using simple reasoning, we can s«a/%{\h\atf‘m\simplified circuit will do exactly what the circuit in Figure 2.13(b) does.
In other words, both circuits are&‘@ i‘?'laus/ equivalent.

{ (o)

Boglean theorems from Section 2.5.1 to show that these two equations (and

More formally, we can t«sf@.
ind guivalent as follows:

therefore, the two circuiis). ar Qé d

S - &A(Ié@ 'D/V') +(MDV)

+DV) by Distributive Theorem 12a
=M(D'V+DV'+DV +DV) by Idempotent Theorem 7b
=M (D(V'+V)+V(D'+D)) by Distributive Theorem 12a
=M (D(2) + V(1)) by Inverse Theorem 9b
=M (D+V) by Identity Theorem 6a

Figure 2.14(a) shows a sample simulation trace of the car security system circuit. Between times 0 and 200 ns,
the master switch M is a 0, so regardless of the values of D and V, the siren is off (Siren = 0). Between times 200 ns
and 600 ns, M = 1. During this time, whenever either D = 1 or V = 1, the siren is on.

Figure 2.14(a) is a functional trace of the circuit, so all the signal edges line up exactly, i.e., the output signal
edge changes at exactly the same time (with no delay) as the input edge that caused it to change. For a timing trace,
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on the other hand, the output signal edge will be delayed slightly after the causing input edge, as shown in Figure
2.14(b).

Mame: J‘ 1DD.IDF|S EDD.IDnS SDD.IDns ADD.IDnS SDD.IDnS EDD.IDns 700
.* M =)
w0 [ ] ]
="

= Siren | |

@

Mame: J‘ 1DD.IDns EDD.IDnS SDD.IDns ADD.IDnS SDD.IDnS EDD.IDns 700

=

= I
w0 [ ] ]
- [ ]

= Siren | |

(b)

Figure 2.14 Sample simulation trace of the car security system circuit: (a) functional trace; (b) timing trace.

When building circuits, besides having a functionally correct circuit, we also want to optimize it in terms of its
size, speed, heat dissipation, and power consumption. We will see in later sections how circuits are optimized.

2.10 VHDL for Digital Circuits

A digital circuit that is described with a Boolean function can easily be converted to VHDL code using the
dataflow model. At the dataflow level, a circuit is defined using built-in VHDL logic operators such as AND, OR, and
NOT. These operators are applied to signals using concurrent signal assignment statements.

2.10.1 VHDL code for a 2-input NAND gate

Figure 2.15 shows the VHDL code for a 2-input NAND gate. It also serves as a basic template for all VHDL
codes. Lines starting with two hyphens are comments. The LIBRARY and USE statements specify that the IEEE
library is needed and that all of the components in that library package can be used. These two statements are
equivalent to the “#include” preprocessor line in C.

Every component defined in VHDL, whether it is a simple NAND gate or a complex microprocessor, has two
parts: an ENTITY section and an ARCHITECTURE section. The ENTITY section is similar to a function declaration in C
and serves as the interface between the component and the outside. It declares all of the input and output signals for
a circuit. Every entity must have a unique name; in this example, the name NAND2gate is used. The entity contains
a PORT list, which, like a parameter list, specifies the data to be passed in and out of the component. In this example,
there are two input signals called x and y of type STD_LoGIC and an output signal called f of the same type. The
STD_LOGIC type is like the BIT type, except that it contains additional values besides just 0’s and 1’s.

The ARCHITECTURE section defines the operation of the entity; it contains the code that realizes the operation of
the component. For every architecture, you need to specify its name and which entity it is for. In this example, the
name is Dataflow, and it is for the entity NAND2gate. It is possible for one entity to have more than one
architecture, since an entity can be implemented in more than one way. Within the body of the architecture, we can
have one or more concurrent statements. Unlike statements in C where they are executed in sequential order,
concurrent statements in the architecture body are executed in parallel. Thus, the ordering of these statements is
irrelevant. The symbol “<=" is used for a signal assignment statement. The expression on the right-hand side of the
<= symbol is evaluated when either x or y changes values (either from 0 to 1 or from 1 to 0), and the result is
assigned to the signal on the left-hand side. The NAND operator is a built-in VHDL operator.
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-— this is a dataflow model of a 2-input NAND gate
LIBRARY IEEE;
USE 1EEE.STD_LOGIC_1164.all;

ENTITY NAND2gate IS PORT (
x: IN STD_LOGIC;
y: IN STD_LOGIC;
f: OUT STD_LOGIC);

END NAND2gate;

ARCHITECTURE Dataflow OF NAND2gate 1S
BEGIN

f <= x NAND y; -- signal assignment
END Dataflow;

Figure 2.15 VHDL code for a 2-input NAND gate.

2.10.2 VHDL code for a 3-input NOR gate

Figure 2.16(a) shows the VHDL code for a 3-input NOR gate. In addition to the three input signals x, y, and z,
and one output signal f declared in the entity section, this example has two internal signals, xory and xoryorz, both of
which are of the sTD_LoGIC type. The keyword SIGNAL in the architecture section is used to declare these two
internal signals. Internal signals are used for naming connection points (or nodes) within a circuit. Three concurrent
signal assignment statements are used. All the signal assignment statements are executed concurrently, so the
ordering of the statements is irrelevant. The coding of these three signal assignment statements is based on the 3-
input NOR gate circuit shown in Figure 2.16(b).

Figure 2.16(c) shows a sample simulation trace of the circuit. In the trace, we see that the output signal fis 1
only when all three inputs are 0’s. This occurs twice: the first time between 0 and 100 ns, and the second time
between 800 ns and 900 ns. For all of the other times, f is 0, since not all three inputs are 0’s. Hence, the simulation
trace shows the correct operation of this circuit for the 3-input NOR gate.

LIBRARY IEEE;
USE 1EEE.STD_LOGIC_1164.all;

ENTITY NOR3gate 1S PORT (
x: IN STD_LOGIC;
y: IN STD_LOGIC;
z: IN STD_LOGIC;
f: OUT STD_LOGIC);
END NOR3gate;

ARCHITECTURE Dataflow OF NOR3gate IS
SIGNAL xory, xoryorz : STD_LOGIC;
BEGIN
xory <= X OR y; -- three concurrent signal assignments
Xoryorz <= xory OR z;
f <= NOT xoryorz;
END Dataflow;

@

X xory
Xoryorz

N<
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(b)
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Figure 2.16 3-input NOR gate: (a) VHDL code; (b) circuit; (c) simulation trace.

2.10.3 VHDL code for a function

Figure 2.17 shows the VHDL code and the simulation trace for the car security system circuit discussed in
Section 2.9. The function implemented isS=(MD'V) + (MD V') + (MDYV).

This VHDL code (as well as the ones from the two previous sections) is written at the dataflow level. This is not
because the name of the architecture is “Dataflow.” Dataflow level coding uses logic equations to describe a circuit,
and this is done by using the built-in VHDL operators such as AND, OR, and NOT in concurrent signal assignment
statements.

LIBRARY IEEE;
USE IEEE.STD_LOGIC_1164.all;

ENTITY Siren IS PORT (
M: IN STD_LOGIC;
D: IN STD_LOGIC;
V: IN STD LOGIC;
S: OUT STD_LOGIC);
END Siren;

ARCHITECTURE Dataflow OF Siren IS

SIGNAL term_1, term_2, term_3: STD_LOGIC;
BEGIN

term_1 <= M AND (NOT D) AND V;

term_2 <= M AND D AND (NOT V);

term_3 <= M AND D AND V;

S <= term_1 OR term_2 OR term_3;
END Dataflow;

@
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Figure 2.17 The car security system circuit of Section 2.9: (a) VHDL code; (b) simulation trace.

2.11 Summary Checklist

I Iy Iy Iy Iy Iy oy vy oy oy iy iy iy

Binary number

Hexadecimal number

Binary switch

AND, OR, and NOT

Truth table

Boolean algebra axioms and theorems

Duality principle

Boolean function and the inverse

Product term

Sum term

Sum-of-products (or-of-ands)

Product of sums (and-of-ors)

Minterm and maxterm

Sum-of minterms

Product-of-maxterms

Canonical, standard, and non-standard form

Logic gate, logic symbol

Circuit diagram

NAND, NOR, XOR, XNOR

Network

VHDL

Be able to derive the Boolean equation from a truth table (or vice versa)
Be able to derive the circuit diagram from a Boolean equation (or vice versa)
Be able to derive the circuit diagram from a truth table (or vice versa)
Be able to use Boolean algebra to reduce a Boolean equation
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2.12 Problems

2.1 Convert the following decimal numbers to binary numbers.
a) 66
b) 49
c) 513
d) 864
e) 1897
f) 2004

2.2  Convert the following unsigned binary numbers to decimal, hexadecimal and octal numbers.
a) 11110
b) 11010
c) 100100011
d) 1011011
e) 1101101110
f) 101111010100

2.3 Convert the following hexadecimal numbers to binary numbers.
a) 66
b) E3
c) 2FES8
d) 7C2
e) 5A2D
f) EO08B

2.4 Derive the truth table for the following Boolean functions.
a) F(xy,z) =xXy'z' +X'yz + xy'z' + xyz
b) F(x,y,z) =xy'z + x'yz' + xyz + xyz'
c) F(w,xy,z) = W'Xy'z + W'xyz + Wxy'z + wxyz
d) F(wxXx\y,z) =wxy'z + w'yz' + wxz + xyz'
e) F(xy,2) =xy'+Xxy'z+xyz
f)  F(w,Xy,z) =wz'+ WXy + wx'z + wxyz
9) F(y.2) = [(xty") (y2)'] (xy" + X'y)
h)  F(N3,N2,N1,Ng) = N3'N2'NiNo" + N3'N2'N1No + N3N2'NiNo' + NaN2'N1No + N3NaNi'No' + NaN2N;Ng

2.5 Derive the Boolean function for the following truth tables.

a) b)
alb|c|F w|x|yl|z|F
0/0]0]O 0|0]|0|0]O
0j0j1]0 0|0j0f1]o0
01|01 0]0]|1]0]1
0111 0j|0j|1]1]0
1[{0]0]0 0]1]0]0]1
1{0]1]0 0j]1]0]1]1
1[1]0]1 0]1]1]0]0
1[1]1]0 0j1]1]1]1
110](0[0]0O
1]0]0f1]1
1]0]1|/0]1
1]0]1|1]0
1]1]0[0]1
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c)

2.6

2.7
2.8

2.9

2.10
a)
b)
c)
d)
e)
f)
9)

1(1(0(1]1

111100

111]1]1)1

d)

wix|ylz|F|FR N3 | N [ N; | Ng | F
0(0|0|O0| 1] 1 0|0 |0|0f]O
0(0|j0|1] 0|1 0O|l0|0|1]0
0({0|1]0] 0|1 00| 1]0]1
O(0j1|1]1]1 0|0 |1 ]|1]1
0(1|]0|0| 0} O 0|1 |10|0f]O
O(1|]0|1] 1] 1 0O|1|10|1]0
O(1]1j0) 1|0 O(1]1]0]1
O|1(1(11J0]0 oOo(1]1]17]0
1/0({0j0]J 0] 1 110]0]0¢|O0
110|021 1] 1 110]0]1]0
1/0|1|0f1]0 110|101
1101|1100 110|111
1110|011 1111001
111|0|1f0] 1 1110 1]0
1111|001 1111 0]0
111111 1|11 ]1]1

Use a truth table to show that the following expressions are true.
W'Z' + WXy + WX'Z + WXYZ = W'Z' + Xyz + WX'y'z + wyz
z+y' +yzr'=1
Xy'zZ'+x' +xyz' =x"+7'
Xy +X'z+yz=xy+x'z
wWX'yz' + W'X'yz + wx'yz' + wx'yz + wxyz = y(x' + wz)
W'XY'Z + W'XYZ + WXY'Z + WXYZ = Xz
Xii + Ci(Xi + Yi) = Xi¥iCi + XiYiCi' + Xiyi'Ci + Xi'YiCi
Xiyi + Ci(Xi + i) = Xiyi + Ci(xi @ Vi)

Use Boolean algebra to show that the expressions in Problem 2.6 are true.
Use Boolean algebra to reduce the functions in Problem 2.4 as much as possible.

Any function can be implemented directly either as specified or as its inverted form with a NOT gate added at
the final output. Assume that the circuit size is proportional to only the number of AND gates and OR gates
(i.e., ignore the number of NOT gates in determining the circuit size). Determine which form of the function
(the inverted or non-inverted) will result in a smaller circuit size for the following function. Give your reason,
and specify how many AND and OR gates are needed to implement the smaller circuit.

F(X,y,Z) — lelzl + lelz + Xy'Z + Xylzl + XyZ

Derive the truth table for the following logic gates.
A 4-input AND gate.
A 4-input NAND gate.
A 4-input NOR gate.
A 4-input XOR gate.
A 4-input XNOR gate.
A 5-input XOR gate.
A 5-input XNOR gate.
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2.11 Derive the truth table for the following Boolean functions.
a) Fwxy,2) =[x ®y)+(xyz)] (W +x+2)
b) F(xyz)=x@y®dz
c) F(wxy,z)=[wxyz+wz(y®x)]

2.12 Use Boolean algebra to convert the functions in Problem 2.11 to:
a) The sum-of-minterms format
b) The product-of-maxterms format

2.13 Use Boolean algebra to reduce the functions in Problem 2.11 as much as possible.

2.14 Use a truth table to show that the following expressions are true.
a) (x®y)=xoy)y
b) x@y' =x@®y
C) WeXOWYD®Z)=WOX)O®(y®2)=((WOx)®y)®2).
d) [(C)X) ()Y ' =x®y

2.15 Use Boolean algebra to show that the expressions in Question 2.14 are true.
2.16 Use Boolean algebra to show that XxorR = XNOR for three inputs.

2.17 Express the Boolean functions in Problem 2.4 using:
a) The X notation
b) The IT notation

2.18 Write the following expression as a Boolean function in the canonical form.
a) F(x,y,2)=2(1,3,7)
b) Fw,xvy,2)=2(1,3,7)
c) F(xvy,2)=T1I(1,3,7)
d) Fw,xvy,2)=T1(1,3,7)
e) F(xy,2)=2(1,3,7)
) F&yz2=T11(1,3,7)

2.19 Given F' (x,Y, z) = 2(1, 3, 7), express the function F using a truth table.

2.20 Use Boolean algebra to convert the function F(x, y, z) = (3, 4, 5) to its equivalent product-of-sums canonical
form.

2.21 Given F =xy'z' + xy'z + xyz' + xyz, write the expression for F ' using:
a) The product-of-sums format
b) The sum-of-products format
2.22 Use Boolean algebra to convert the equation F=w ® x ©® y ® z to:
a) The sum-of-minterms format
b) The product-of-maxterms format
2.23  Write the complete dataflow VHDL code for the Boolean functions in Problem 2.4.
2.24  Write the complete dataflow VHDL code for the logic gates in Problem 2.10.

2.25 Write the complete dataflow VHDL code for the Boolean functions in Problem 2.11.
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@, 19
e, 7, 8, See Product-of-maxterms, See Sum-of-
minterms, See Sum-of-minterms

?

?,19

+

+7,8

0

0-maxterm. See Maxterm
0-minterm. See Minterm

1

1-maxterm. See Maxterm
1-minterm. See Minterm

A

Algebra. See Boolean algebra.
AND

gate, 17

term. See Product term.
And-of-ors, 12
Axioms. See Boolean axioms.

B

Binary digit. See Bit

Binary Number, 3

Binary switch, 6

Bit, 3

Boolean
algebra, 8
axioms, 8
function, 10
inverse function, 11
theorems, 8, 9, 10
variable, 8, 10
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C

Canonical form, 17
Circuit diagram, 19

D

Dataflow level, 22

DeMorgan’s Theorem, 9

Digital circuit, description
Boolean function, 8
truth table, 8

Dual, 10

Duality Principle, 10

=

Function. See Boolean function.

G
Gate. See Logic gate.

H

Hex Number. See Hexadeciaml Number
Hexadecimal Number, 5

Inverse. See Boolean inverse function.
INVERTER. See NOT gate.

L

Literal. See Boolean variable.
Logic expression, 6
Logic gate, 17
AND, 17
INVERTER, 17
NAND, 18
NOR, 18
NOT, 17
OR, 17
XNOR, 18
XOR, 18
Logic operator, 6
AND, 6
NOT, 7
OR,7
precedence, 7
Logic symbol, 17, 18
circle, 18
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M

Maxterm, 15
I1, 15
0-maxterm, 15
1-maxterm, 15
product-of-maxterms, 15
Minterm, 14
>, 14
0-minterm, 14
1-minterm, 14
sum-of-minterms, 14

N

NAND gate, 18
Network, 19
Non-standard form, 17
NOR gate, 18

NOT gate, 17

O

Octal Number, 5
OR

gate, 17

term. See Sum term.
Or-of-ands, 11

P

Product term, 10
Product-of-maxterms, IT, 15
Product-of-sums, 12

S

Schematic, 17
Schematic diagram, 17

Digital Logic and Microprocessor Design with VHDL

Page 30 of 30

Simulation trace, 21
functional, 21
timing, 21
Standard form, 17
Sum term, 12
Sum-of-minterms, X, 14
Sum-of-products, 11
Switch. See Binary switch.

T

Theorems. See Boolean theorems.
Trace. See Simulation trace
Truth table, 7, 8, 9, 19

\Y

Variable. See Boolean variable.
VHDL
<=, 22
architecture, 22
concurrent statement, 22, 23
dataflow level, 22
ENTITY, 22
LIBRARY, 22
PORT, 22
signal assignment, 22
STD_LOGIC, 22, 23
USE, 22
VHDL code
2-input NAND gate, 22
3-input NOR gate, 23
car security system, 24
simple function, 24

X

XNOR gate, 18
XOR gate, 18
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